Established thermoelectric theory enables direct calculation of the power output and conversion efficiency if the temperature difference across a module is given. However, in some applications such as those using a radioisotope or solar radiation as a heat source, the thermal input remains constant while the temperature difference varies with the geometry of the thermoelectric module. In this paper, a theoretical framework for thermoelectric module design under a given thermal input is presented. It provides a convenient approach for module geometry optimization. The usefulness of the theory is demonstrated through a design study, in which an appropriate thermoelement length for a solar thermoelectric system is determined by considering conflicting requirements for a longer length to obtain a greater temperature difference and for a shorter length to produce a larger power output.
INTRODUCTION
A thermoelectric generator is a solid-state energy convertor that can convert heat into electricity. The theory for thermoelectric devices is well established, [1] [2] [3] [4] providing a useful tool for design and evaluation of thermoelectric generators. Based on a simplified model which neglects the influence of thermal and electrical contact resistances, the power output, P, and conversion efficiency, /, of a thermoelectric generator can be determined as
where s ð¼ R L =R i Þ is the ratio of the load resistance, R L , to the internal resistance of the thermoelectric generator, R i ; a is the Seebeck coefficient; DT ð¼ T H À T C Þ is the temperature difference across the thermoelectric generator; and Z is the figure of merit of the thermoelectric material. For a given thermoelectric material, Eqs. 1 and 2 enable direct calculation of the performance of a thermoelectric generator if the temperature difference across the generator is known. In general, the temperature difference across a thermoelectric generator can be measured experimentally or assumed to be a variable in the design process. As a result, these equations have been widely employed in the study of thermoelectric generators. An improved model is also available, which takes into account the effects of thermal and electrical contacts. It provides a more accurate estimate of the power output and conversion efficiency of a thermoelectric module in relation to its geometry. In this more realistic model, the power output and conversion efficiency of a thermoelectric generator can be expressed as
where q is the electrical resistivity of the thermoelectric material. A is the cross-sectional area and l is the length of the thermoelectric generator. l c is the thickness of the ceramic plates (i.e., the thermally conducting but electrically insulating layers in the thermoelectric generator). n and r are referred to as the electrical and thermal contact parameter, respectively. 6 To determine the power output and conversion efficiency, Eqs. 4 and 5 also require the temperature difference to be given or used as an input variable. Although in many cases the temperature difference can be known in one way or another, there are other cases where only the thermal energy input is given and the temperature difference across the generator needs to be determined based on the materials properties, device geometry, and operating conditions of the generator. The objective of this paper is to provide a theoretical framework that facilitates the design of thermoelectric generators for a given thermal input.
THEORETICAL OUTLINE
A schematic diagram of a thermoelectric generator is shown in Fig. 1a , where a thermoelectric material is sandwiched between a heater at temperature T H and a heat sink at temperature T C . The two ends of the thermoelectric material are connected to an external load R L through a switch. Its equivalent electric circuit is shown in Fig. 1b . For a given thermal input, _ Q, and considering an ideal case where heat loss is neglected, the temperature difference across the generator when operating in an open circuit (i.e., when the generator is not connected to a load) can be determined using Fourier's law,
where k is the thermal conductivity of the thermoelectric material. In practice, a thermoelectric generator usually consists of multiple thermoelements with gaps between them. The cross-sectional area A in this case equals the total area of all thermoelements (excluding areas occupied by gaps). It is to be noted that the temperature difference determined using Eq. 5 is only valid for the open-circuit condition. When the generator is connected to a load, a closed circuit is formed and the temperature difference across the generator will be reduced, being dependent on the ratio of the load resistance to the internal resistance of the generator, R L =R i . Using a relationship reported in Ref. 7 ,
where
Consequently, the temperature difference across the thermoelectric generator under the closedcircuit condition can be expressed as
It can be seen from Eq. 8 that, for a given thermal input, the temperature difference across a thermoelectric generator depends on the materials properties (Z), device geometry (A=l), and operating conditions (T H , T C , and R L =R i ). Replacing DT in Eq. 3 using Eq. 8, the power output can be expressed as
The conversion efficiency of the generator can be determined by
Compared with Eqs. 3 and 4, the calculation of the power output and conversion efficiency using Eqs. 9 and 10 does not require knowledge of the temperature difference. Instead, they are determined from the given thermal input. It is to be noted that Eqs. 3 and 9 are two equivalent expressions that describe the same power output. However, Eq. 3 is expressed in terms of the temperature difference while Eq. 9 is a function of the given thermal input. The same can be said of Eqs. 4 and 10. 
DESIGN EXAMPLE
The usefulness of this alternative expression (i.e., Eq. 9 or Eq. 10) is demonstrated here using a design case study of determining the appropriate geometry for a solar thermoelectric system as shown schematically in Fig. 2 . Assume that the solar absorber has an area of 1 m 2 and the thermal power produced under AM1.0 (i.e., 1000 W/m 2 ) by the absorber that has an efficiency of 60% is 600 W and the solar water maintains a constant temperature. It is also assumed that the thermal power does not change with the surface temperature of the absorber (strictly speaking, this simplification is not usually valid. Nevertheless, it is assumed in order to simplify the analysis so as to focus on the thermoelectric aspect). It can be seen from Eq. 8 that the temperature difference across the generator will be large if the thermoelectric generator has a small A=l. On the other hand, Eq. 3 indicates that a large A=l is required to obtain a large power output. Clearly, the design of a thermoelectric generator involves determination of an appropriate A=l to obtain the best available power output. This can be achieved by using Eq. 9. Figure 3 shows the power output generated by the thermoelectric generator as a function of l for different values of A=l. The results were calculated based on Bi 2 Te 3 thermoelectric material, which has a typical Seebeck coefficient of 200 Â 10 À6 V/K, electrical resistivity of 10 À5 X m, and thermal conductivity of 1:5 W/m/K; the thickness of the ceramic layer is 0.7 mm; the electrical and thermal contact parameters are n = 0.1 mm and r = 0.2, 7 respectively. It is assumed that all properties quoted above are average values over the operating temperatures. The thermoelectric generator operates in the maximum power mode (i.e., s = 1), and there are no heat losses from either the solar absorber or the thermoelectric generator. It is interesting to note that the plots of power output versus thermoelement length resemble typical I-V characteristics of transistors. For a given A=l, the power output increases significantly with an increase in l initially but reaches saturation at a longer length.
This indicates that a minimum length is needed in order to obtain sufficient power output. However, a further increase in the length is unnecessary because it will result in an increase in materials consumption without significant improvement in power output. For a given l, the power output increases with a decrease in A=l; For example, selecting A=l ¼ 2656 mm will result in a temperature difference of 100 K across the thermoelectric generator. A power output of $24 W can be obtained for l ¼ 7 mm, and the corresponding total cross-sectional area is A % 1:9 Â 10 4 mm 2 . This is equivalent to a total area of 36 commercial Bi 2 Te 3 modules, each of which has 127 thermocouples with a thermoelement cross-sectional area of 1.4 mm 9 1.4 mm. If the number of modules is reduced to 18 (i.e., A=l is reduced to 1244 mm), the temperature difference across the thermoelectric generator will be 200 K. This will result in an increase of power output to $ 46 W. This is a surprising result, which shows that for a given thermal input the power output may be increased by reducing the ratio A=l. Consequently, this results in a reduction in the materials consumption. It is to be noted that this power level may not be achievable in practice due to significant heat losses from the solar absorber at high temperatures. As a result, the maximum power output is obtained through a trade-off between a requirement for a small A=l to establish a large temperature difference and that for a large A=l to minimize the heat losses. Nevertheless, this ideal case demonstrates that increasing the number of thermoelectric modules does not necessarily lead to an increase in power output. This is particularly true in cases where the temperature difference across the thermoelectric generator is determined by a given thermal input. Fig. 2 . Schematic of the solar thermoelectric system. Solar radiation is converted into heat by the absorber and transferred through the thermoelectric generators into circulating water for heat and power cogeneration. 
CONCLUSIONS
The theory presented in this paper enables calculation of the power output and conversion efficiency of a thermoelectric generator for a given thermal input. This provides a complementary formulation to the conventional theory, which is not suitable for the situation where the temperature difference across the thermoelectric generator is not known. The application of this new formulation in a case study demonstrates its usefulness in design and optimization of thermoelectric systems. It is shown that the power output can be improved by reducing the ratio A=l, and consequently the materials consumption. Although this study is based on an ideal case where all heat losses in the system were neglected, the results highlight the role of thermoelement geometry in the design of a thermoelectric system and the importance of minimizing heat losses from the system.
